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A NOTE ON KANTOROVICH AND ANDO INEQUALITIES
MOHAMMAD SABABHEH, HAMID REZA MORADI, IBRAHIM HALIL GU¨MU¨S¸, AND SHIGERU
FURUICHI
Abstract. The main goal of this exposition is to present further analysis of the Kantorovich
and Ando operator inequalities. In particular, a new proof of Ando’s inequality is given, a
new non-trivial refinement of Kantorovich inequality is shown and some equivalent forms of
Kantorovich inequality are presented with a Minkowski-type application.
1. Introduction and preliminaries
Let B(H) be the algebra of bounded linear operators on a complex Hilbert space H, with
identity IH (or I if no confusion arises). For two Hilbert spaces H and K, a linear mapping
Φ : B(H)→ B(K) is said to be positive if it preserves positive operators. That is, if Φ(A) ≥ 0
whenever A ≥ 0, where an operator A ∈ B(H) is said to be positive, denoted A ≥ 0, if
〈Ax, x〉 ≥ 0 for all x ∈ H. In addition, if the positive linear mapping Φ satisfies Φ(IH) = IK, it
is said to be a normalized (or unital) positive linear mapping.
Operator convex and operator concave functions have played a major role in understanding
the geometry of B(H). In this context, a function f : J → R is said to operator convex if
f((1− t)A + tB) ≤ (1− t)f(A) + tf(B) for all 0 ≤ t ≤ 1 and self adjoint operators A,B with
spectra in the interval J . Operator concave functions are defined similarly. On the other hand,
operator monotone functions have a strong relation with operator concave functions. Recall
that f : J → R is said to be operator monotone if f(A) ≤ f(B) for all self adjoint operators
A,B with spectra in the interval J , such that A ≤ B. Operator monotone decreasing functions
are defined similarly.
Unlike scalar monotony and convexity, operator monotony and convexity are strongly related,
as stated in the next proposition, which can be found in [19, Theorem 2.4] and [1, Theorem
2.1, Theorem 3.1, Theorem 2.3 and Theorem 3.7].
Proposition 1.1. Let f : (0,∞)→ [0,∞) be continuous. Then
(1) f is operator monotone decreasing if and only if f is operator convex and f(∞) <∞.
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(2) f is operator monotone increasing if and only if f is operator concave.
The Choi-Davis inequality states that [5, 7]
(1.1) f(Φ(A)) ≤ Φ(f(A)),
for all self adjoint operators A ∈ B(H) with spectra in the interval J , all operator convex
functions f : J → R and all unital positive linear mappings Φ : B(H)→ B(K).
In particular, if A > 0, then
(1.2) Φ(A)−1 ≤ Φ(A−1),
since f(t) = t−1 is operator convex on (0,∞). The inequality (1.2) can be reversed under the
additional condition that 0 < mI ≤ A ≤MI, for some scalars m,M as follows [10, 14, 17]
(1.3) Φ
(
A−1
) ≤ (M +m)2
4Mm
Φ (A)−1 .
Among many other equivalences, we shall prove that (1.3) is equivalent to
(1.4) Φ
(
A2
) ≤ (M +m)2
4Mm
Φ (A)2 .
Recalling that the geometric mean of two positive invertible operators A,B is defined by
A♯B = A1/2
(
A−1/2BA−1/2
)1/2
A1/2,
it is shown in [14] that (1.3) implies
(1.5) Φ
(
A−1
)
♯Φ (A) ≤ M +m
2
√
Mm
The inequality (1.3) is usually referred to as the Kantorovich inequality.
In [8, Lemma 2.1] it is proved that if f : J → R is a convex function and A ∈ B (H) is a
self-adjoint operator with spectrum in the interval J , then for any unital positive linear map
Φ : B (H)→ B (K),
f (〈Φ (A) x, x〉) ≤ 〈Φ (f (A)) x, x〉 (x ∈ K, ‖x‖ = 1) .
As a corollary (see [9, Theorem 1.4]), we see that if A is a positive operator, then
(1.6) 〈Ax, x〉r ≤ 〈Arx, x〉 (r ≥ 1) .
If the operator is positive and invertible, (1.6) is also true for r < 0.
A strongly related inequality, that we will discuss, is the celebrated Ando’s inequality stating
[2]
(1.7) Φ (A♯B) ≤ Φ (A) ♯Φ (B) ,
where A and B are two positive operators and Φ is a unital positive linear map.
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In this article, we first present a new proof of (1.7). This will help better understand this
celebrated inequality. Then, we use Kantorovich-type inequalities to present the reverse of
Ando’s inequality. One this is done, we present a non-trivial refinement of (1.5). Further
discussion of the Kantorovich inequality is presented via several equivalent forms and some
applications are presented including a submultiplcative inequality for unital positive linear
mappings and an operator Minkowski-type inequality.
2. Ando’s inequality
In this section, we first present a new proof of Ando’s inequality, then we prove a reversed
version of Ando’s inequality.
Recall that for positive invertible operators A and B, the Riccati equation XA−1X = B has
the geometric mean A♯B as a unique positive solution [18, Theorem 2.2].
Let X = A♯B and let Φ be a unital positive linear map. It follows from Choi’s inequality [6,
Proposition 4.3],
Φ (X) Φ(A)−1Φ (X) ≤ Φ (XA−1X) = Φ(B) .
Therefore, (
Φ(A)−
1
2Φ (X)Φ(A)−
1
2
)2
≤ Φ(A)− 12Φ (B)Φ(A)− 12 .
Since f (t) = t
1
2 is operator monotone [9, Corollary 1.16], we get
Φ(A)−
1
2Φ (X)Φ(A)−
1
2 ≤
(
Φ(A)−
1
2Φ (B) Φ(A)−
1
2
) 1
2
.
Consequently,
Φ (X) ≤ Φ(A) 12
(
Φ(A)−
1
2Φ (B) Φ(A)−
1
2
) 1
2
Φ(A)
1
2 ,
which is equivalent to
Φ (A♯B) ≤ Φ (A) ♯Φ (B) .
This proves Ando’s inequality.
Next, we utilize (1.4) to prove a reversed version of Ando’s inequality, under the sandwitch
condition. We remark that this reversed version has been shown in [12, Theorem 4] using
a completely different method. In this article, we utilize the Kantorovich-type inequalities to
show this version. This helps understand the relation between Ando-type and Kantorovich-type
inequalities.
Proposition 2.1. Let Φ : B (H) → B (K) be a unital positive linear mapping and let A,B ∈
B(H) be positive operators such that m2A ≤ B ≤M2A, for some positive scalars m,M. Then
Φ(A)♯Φ(B) ≤ M +m
2
√
mM
Φ(A♯B).
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Proof. For the given Φ and A, define the positive unital linear mapping Ψ by Ψ (X) ≡
Φ (A)−
1
2 Φ
(
A
1
2XA
1
2
)
Φ (A)−
1
2 and let C =
(
A−
1
2BA−
1
2
) 1
2
. Since m2A ≤ B ≤ M2A, it fol-
lows that mI ≤ C ≤ MI. Therefore, we may apply the inequality Ψ(C2) ≤
(
M+m
2
√
Mm
)2
Ψ(C)2
to obtain
Φ(A)−
1
2Φ(B)Φ(A)−
1
2 ≤
(
M +m
2
√
Mm
)2 (
Φ(A)−
1
2Φ(A♯B)Φ(A)−
1
2
)2
.
Since the function f(t) = t
1
2 is operator monotone, it follows that
(
Φ(A)−
1
2Φ(B)Φ(A)−
1
2
) 1
2 ≤ M +m
2
√
Mm
Φ(A)−
1
2Φ(A♯B)Φ(A)−
1
2 ,
which implies the desired inequality. 
In fact, Ando’s inequality follows from a more general result that
(2.1) Φ(AσfB) ≤ Φ(A)σfΦ(B),
where A,B are positive and σf is an operator mean with representing function f . In the next
result, we show that if f is operator convex, then Ando’s inequality is reversed, then we show
that this reversed Ando inequality implies (1.2).
Theorem 2.1. Let A,B ∈ B(H) be positive invertible, f : (0,∞)→ (0,∞) be a given operator
convex function and Φ : B(H)→ B(K) be a positive unital linear mapping. Then
Φ(AσfB) ≥ Φ(A)σfΦ(B),
where the connection σf is defined by
AσfB = A
1
2 f
(
A−
1
2BA−
1
2
) 1
2
A
1
2 .
Proof. For the given parameters, define
Ψ (X) ≡ Φ (A)− 12 Φ
(
A
1
2XA
1
2
)
Φ (A)−
1
2 ; X ∈ B(H).
Then Ψ is positive unital. Since f is operator convex, (1.1) implies f (Ψ(X)) ≤ Ψ(f(X)), for
any self adjoint X ∈ B(H). Let X = A− 12BA− 12 and apply this latter inequality to get
f
(
Φ(A)−
1
2Φ(B)Φ(A)−
1
2
)
≤ Φ (A)− 12 Φ
(
A
1
2f
(
A−
1
2BA−
1
2
)
A
1
2
)
Φ (A)−
1
2 ,
which is equivalent to
Φ(A)σfΦ(B) ≤ Φ(AσfB),
as desired. 
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Interestingly, Theorem 2.1 implies (1.2), as follows: In Theorem 2.1, let f(t) = t2 and
B = I. Since f is operator convex, we may apply the theorem. Direct computations show that
AσfB = A
−1. Consequently,
Φ(A−1) = Φ(AσfB) ≥ Φ(A)σfΦ(B) = Φ(A)−1;
as desired.
Remark 2.1. We remark that in Theorem 2.1, if we let A = I, we get
f(Φ(B)) ≤ Φ(f(B));
an inequality that is equivalent to the fact that f is operator convex. That is, this shows that
the inequality in Theorem 2.1 is equivalent to the fact that f is operator convex.
3. Further analysis of the Kantorovich inequality
This section is devoted to the study of Kantorovich inequality (1.3); where we begin by giving
multiple equivalent statements. It should be remarked that these individual statements are well
known, but their equivalence is the aim of this Theorem.
In the proof of the next result, we will use the following observation. Let Φ be a given unital
positive linear map and let Φ′ be another unital positive linear map. Then (1.7) implies
Φ′ (Φ (A♯B)) ≤ Φ′ (Φ (A) ♯Φ (B)) ≤ Φ′ (Φ (A)) ♯Φ′ (Φ (B)) .
Defining Φ′ (T ) ≡ 〈Tx, x〉, with x ∈ H, ‖x‖ = 1, we get
(3.1)
〈Φ (A♯B) x, x〉 ≤ 〈Φ (A) ♯Φ (B) x, x〉
≤ 〈Φ (A)x, x〉 ♯ 〈Φ (B)x, x〉
=
√
〈Φ (A)x, x〉 〈Φ (B) x, x〉.
Theorem 3.1. Let A ∈ B (H) satisfying mI ≤ A ≤ MI for some scalars 0 < m < M . Then
the following assertions are equivalent.
(i) Φ (A−1) ≤
(
M+m
2
√
Mm
)2
Φ (A)−1 for any unital positive linear mapping Φ : B (H)→ B (K).
(ii) 〈Φ (A−1)x, x〉 ≤
(
M+m
2
√
Mm
)2
〈Φ (A) x, x〉−1 for any unit vector x ∈ K and any positive
unital linear mapping Φ : B (H)→ B (K).
(iii) Φ (A−1) ♯Φ (A) ≤ M+m
2
√
Mm
I for any unital positive linear mapping Φ : B (H)→ B (K).
(iv) Φ (A2) ≤
(
M+m
2
√
Mm
)2
Φ (A)2 for any unital positive linear mapping Φ : B (H)→ B (K).
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Proof. (ii)⇒ (i)
Assuming that (ii) is true. Using (1.6) we see that for any unit vector x ∈ K,
〈
Φ
(
A−1
)
x, x
〉 ≤ (M +m
2
√
Mm
)2
〈Φ (A) x, x〉−1
≤
(
M +m
2
√
Mm
)2 〈
Φ (A)−1 x, x
〉
.
This implies the desired result.
(ii)⇒ (iii)
Since 〈
Φ
(
A−1
)
x, x
〉 ≤ (M +m
2
√
Mm
)2
〈Φ (A)x, x〉−1,
we get √
〈Φ (A−1)x, x〉 〈Φ (A) x, x〉 ≤ M +m
2
√
Mm
.
One the other hand, by (3.1),〈
Φ
(
A−1
)
♯Φ (A) x, x
〉 ≤√〈Φ (A−1) x, x〉 〈Φ (A) x, x〉
we get for any unit vector x ∈ K,〈
Φ
(
A−1
)
♯Φ (A)x, x
〉 ≤ M +m
2
√
Mm
.
(i)⇒ (iii)
As shown in [17], (i) implies (iii), but here we give another proof. For positive linear functional
Ψ : B(H)→ R+ defined by Ψ(A) := 〈Φ(A)x, x〉 (with the understanding Φ : B (H)→ B (K) is
unital positive linear map and x ∈ K is a unit vector), (i) implies
〈
Φ
(
A−1
)
x, x
〉 〈Φ (A) x, x〉 ≤ (M +m
2
√
Mm
)2
.
This yields √
〈Φ (A−1)x, x〉 〈Φ (A) x, x〉 ≤ M +m
2
√
Mm
.
By (3.1), we have 〈
Φ
(
A−1
)
♯Φ (A)x, x
〉 ≤ M +m
2
√
Mm
,
as desired.
(iii)⇒ (ii)
We may take the normalized positive linear map Ψ : B (H) → R+ defined by Ψ(A) :=
〈Φ(A)x, x〉 for any normalized positive map Φ, A > 0 and a unit vector x ∈ K. From the
assumption (iii) with Ψ, we have for any unit vector x ∈ K,
Ψ(A)♯Ψ(A−1) =
√
〈Φ(A)x, x〉〈Φ(A−1)x, x〉 ≤ M +m
2
√
Mm
,
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which implies (ii):
〈Φ(A−1)x, x〉 ≤
(
M +m
2
√
Mm
)2
〈Φ(A)x, x〉−1.
(i)⇒ (iv)
By taking Ψ (X) ≡ Φ (A)− 12 Φ
(
A
1
2XA
1
2
)
Φ (A)−
1
2 , where Φ is an arbitrary unital positive linear
map in (i), we obtain
Φ (A)−1 ≤
(
M +m
2
√
Mm
)2(
Φ (A)−
1
2 Φ
(
A2
)
Φ (A)−
1
2
)−1
=
(
M +m
2
√
Mm
)2
Φ (A)
1
2 Φ
(
A2
)−1
Φ (A)
1
2 .
This implies
Φ (A)−2 ≤
(
M +m
2
√
Mm
)2
Φ
(
A2
)−1
.
By taking inverse we infer
Φ
(
A2
) ≤ (M +m
2
√
Mm
)2
Φ (A)2 .
(iv)⇒ (i)
Assuming (iv) and replacing A with A−1, we obtain
Φ((A−1)2) ≤
(
M +m
2
√
Mm
)2
Φ(A−1)2,
for any unital positive linear mapping Φ. Again, defining Ψ (X) ≡ Φ (A)− 12 Φ
(
A
1
2XA
1
2
)
Φ (A)−
1
2
and applying this latter inequality to Ψ, we obtain
Ψ((A−1)2) ≤
(
M +m
2
√
Mm
)2
Ψ(A−1)2,
which is equivalent to
Φ(A)−
1
2Φ(A−1)Φ(A)−
1
2 ≤
(
M +m
2
√
Mm
)2
Φ(A)−2.
This implies
Φ(A−1) ≤
(
M +m
2
√
Mm
)2
Φ(A)−1,
as required. This completes the proof.

We have seen that the Kantorovich inequality (1.3) is equivalent to the inequality
(3.2) Φ
(
A−1
)
♯Φ (A) ≤ M +m
2
√
Mm
I,
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which in turns implies
Φ
(
A−1
)
♯Φ (A) ≤ ∥∥Φ (A−1) ♯Φ (A)∥∥ I ≤ M +m
2
√
Mm
I.
Next, we present a non-trivial refinement of (3.2), as follows.
Theorem 3.2. Let A ∈ B(H) be a positive operator such that mI ≤ A ≤ MI, for some positive
scalars m,M . If Φ : B(H)→ B(K) is a positive unital linear mapping, then
Φ
(
A−1
)
♯Φ (A) ≤
∥∥∥∥(Φ(A) 12Φ (A−1)Φ(A) 12)
1
2
∥∥∥∥ I ≤ M +m2√MmI.
Proof. Kantorovich inequality states that if mI ≤ A ≤MI and Φ is unital positive linear map,
then
Φ
(
A−1
) ≤ (M +m)2
4Mm
Φ(A)−1.
This implies
Φ(A)
1
2Φ
(
A−1
)
Φ(A)
1
2 ≤ (M +m)
2
4Mm
I
Noting operator monotony of the function f(t) = t
1
2 , we have(
Φ(A)
1
2Φ
(
A−1
)
Φ(A)
1
2
) 1
2 ≤ M +m
2
√
Mm
I.
Whence ∥∥∥∥(Φ(A) 12Φ (A−1)Φ(A) 12)
1
2
∥∥∥∥ ≤ M +m2√Mm.
On the other hand, from [13, Corollary 2.13], we infer that
∥∥Φ (A−1) ♯Φ (A)∥∥ ≤ ∥∥∥∥(Φ(A) 12Φ (A−1)Φ(A) 12)
1
2
∥∥∥∥ .
Consequently,
Φ
(
A−1
)
♯Φ (A) ≤
∥∥∥∥(Φ(A) 12Φ (A−1)Φ(A) 12)
1
2
∥∥∥∥ I ≤ M +m2√MmI.
This completes the proof. 
In what follows, we present a reversed version of [6, Proposition 4.3] using (iv) in Theorem
3.1.
Proposition 3.1. Let Φ : B (H) → B (K) be a unital positive linear mapping and let A,B ∈
B(H) be such that mA ≤ B ≤MA, for some scalars m,M. Then
Φ(BA−1B) ≤
(
M +m
2
√
Mm
)2
Φ(B)Φ(A)−1Φ(B).
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Proof. From Theorem 3.1, we have Φ (A2) ≤
(
M+m
2
√
Mm
)2
Φ (A)2 for any Φ and mI ≤ A ≤ MI.
When mA ≤ B ≤MA, we get mI ≤ A− 12BA− 12 ≤MI. Therefore, any positive unital linear Φ
satisfies
Φ
(
(A−
1
2BA−
1
2 )2
)
≤
(
M +m
2
√
Mm
)2
Φ
(
A−
1
2BA−
1
2
)2
.
Letting Ψ (X) ≡ Φ (A)− 12 Φ
(
A
1
2XA
1
2
)
Φ (A)−
1
2 and applying the latter inequality for Ψ, we
obtain
Φ(A)−
1
2Φ(BA−1B)Φ(A)−
1
2 ≤
(
M +m
2
√
Mm
)2
Φ(A)−
1
2Φ(B)Φ(A)−1Φ(B)Φ(A)−
1
2 ,
which implies the desired inequality. 
We notice that (ii) in Theorem 3.1 is a particular case of the following more general result,
whose proof is an implementation of the well known Mond-Pecˇaric´ method.
Theorem 3.3. Let A ∈ B(H) be a self-adjoint operator with the spectra in the interval [m,M ]
and let Φ be a unital positive linear mapping on B(H). If f : [m,M ]→ R is a convex function,
then for any unit vector x ∈ H and α ≥ 0
〈Φ (f (A)) x, x〉 ≤ β + αf (〈Φ (A) x, x〉)
holds, where β = maxm≤t≤M {af t+ bf − αf (t)} with af = (f (M)− f (m))/(M −m) and
bf = (Mf (m)−Mf (m))/(M −m) .
Proof. Since f is convex on [m,M ], we have for any m ≤ t ≤M ,
f (t) ≤ af t + bf .
It follows from the continuous functional calculus that
f (A) ≤ afA+ bfI.
The assumptions on Φ implies
Φ (f (A)) ≤ afΦ (A) + bfI.
Thus, for any unit vector x ∈ H
〈Φ (f (A))x, x〉 ≤ af 〈Φ (A) x, x〉+ bf .
Therefore,
〈Φ (f (A)) x, x〉 − αf (〈Φ (A) x, x〉) ≤ af 〈Φ (A) x, x〉+ bf − αf (〈Φ (A)x, x〉)
≤ max
m≤t≤M
{af t + bf − αf (t)}
= β.
10 A Note on Kantorovich and Ando Inequalities

Corollary 3.1. Let A ∈ B (H) be a positive and invertible operator satisfying m ≤ A ≤M for
some scalars 0 < m < M and Φ : B (H) → B (K) be a unital positive linear map. Then, for
any unit vector x ∈ K,
(3.3) 〈Φ (Ap) x, x〉 ≤ K(p,m,M) 〈Φ (A) x, x〉p
where K(p,m,M) is the generalized Kantorovich constant defined by
(3.4) K(p,m,M) :=
(mMp −Mmp)
(p− 1)(M −m)
(
(p− 1)
p
(Mp −mp)
(mMp −Mmp)
)p
.
Proof. If we take f(t) = tp, (t > 0), for p ≥ 1 or p ≤ 0, we obtain (3.3). 
Remark 3.1. We know that if A is a positive operator, then for any p ≥ 1
(3.5) Φ (Ap) ≤ K (p,m,M) Φ (A)p .
If the operator A is positive and invertible, (3.5) is also true for p < 0. Evidently, (3.5) implies
(3.6) 〈Φ (Ap) x, x〉 ≤ K (p,m,M) 〈Φ (A)p x, x〉
for any unit vector x ∈ K. Thus, (3.3) can be considered as an improvement of (3.6), thanks
to (1.6).
Notice that the case p = 2 in (3.5) reduces to
(3.7) Φ
(
A2
) ≤ (M +m
2
√
Mm
)2
Φ (A)2 .
4. Related results via operator convex and operator monotone functions
An additive form (see [16, Theorem 2]) of (3.7) is incorporated in
(4.1) Φ
(
A2
) 1
2 ≤ (M −m)
2
4 (M +m)
+ Φ (A) .
In this section we present a two-term version of this inequality in a more general setting; where
this inequality is looked at as f−1(Φ(f(A)) where f(t) = t2. Then, we present a Minkowski-type
inequality for tuples of operators.
For the used notation in the next theorem, we shall adopt the following notations
α[f ;m,M ] = max
{
1
f (t)
(
f (M)− f (m)
M −m t +
Mf (m)−mf (M)
M −m
)
: m ≤ t ≤M
}
,
and
(4.2) β0[f ;m,M ] = max
{
f(t)− f (M)− f (m)
M −m t−
Mf (m)−mf (M)
M −m : m ≤ t ≤M
}
,
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where f : [m,M ]→ (0,∞) is a given function.
Theorem 4.1. Let A,B ∈ B (H) be two positive operators satisfying m ≤ A,B ≤M for some
scalars 0 < m < M and let Φ be a unital positive linear mapping on B (H). If f : (0,∞) →
(0,∞) is a 1-1 operator convex function such that f−1 is operator monotone, then
(4.3) f−1(Φ(f(A)) + f−1(Φ(f(B)) ≤ αf−1(Φ(f(A+B)),
and
(4.4) f−1(Φ(f(A)) + f−1(Φ(f(B)) ≤ β + f−1(Φ(f(A+B)),
where α = α[f ;m,M ], m′ = mint∈[m,M ] f(t),M ′ = maxt∈[m,M ] f(t) and β = 2β0[f−1;m′,M ′].
Proof. From the Choi-Davis inequality, we have
f(Φ(A+B)) ≤ Φ(f(A+B)),
which then implies
(4.5) Φ(A+B) ≤ f−1(Φ(f(A+B)),
since, by assumption, f−1 is operator monotone. Furthermore, by [15, Corollary 2.5], we have
(4.6) Φ (f (A)) ≤ αf (Φ (A)) and Φ (f (B)) ≤ αf (Φ (B))
since f is convex. Now since f−1 is operator monotone, α > 1, the latter inequalities imply
(4.7) f−1 (Φ (f (A))) ≤ αΦ (A) and f−1 (Φ (f (B))) ≤ αΦ (B) .
Combining (4.7) and (4.5) imply
f−1(Φ(f(A)) + f−1(Φ(f(B)) ≤ α(Φ(A) + Φ(B))
= αΦ(A+B)
≤ αf−1(Φ(f(A+B)).
This proves the first inequality. To prove the second inequality, recall that if g is operator
concave then g(Φ(A)) ≥ Φ(g(A)). Further, we know that if m ≤ A ≤M, then
(4.8) g(Φ(A)) ≤ β0[g;m,M ] + Φ(g(A)).
By assumption, f−1 : (0,∞)→ (0,∞) is operator monotone, hence is operator concave (Propo-
sition 1.1). So, applying (4.8) using g = f−1, we obtain
(4.9) f−1(Φ(f(A)) ≤ β0[f−1;m′,M ′] + Φ(A) and f−1(Φ(f(B)) ≤ β0[f−1;m′,M ′] + Φ(B),
where m′ = min{f(t) : m ≤ t ≤M} and M ′ = max{f(t) : m ≤ t ≤ M}. Adding we get
f−1(Φ(f(A)) + f−1(Φ(f(B)) ≤ 2β0[f−1;m′,M ′] + Φ(A +B).
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But we know that
Φ(A +B) = Φ(f−1(f(A+B))) ≤ f−1(Φ(f(A +B)))
since f−1 is operator concave. Thus, we have shown that
f−1(Φ(f(A)) + f−1(Φ(f(B)) ≤ β + f−1(Φ(f(A +B))),
where β = 2β0[f
−1;m′,M ′]. This completes the proof. 
Notice that if f(t) = t2, then m′ = m2,M ′ =M2 and f−1(t) =
√
t. Calculating the maximum
in (4.2), we obtain
β0[f
−1;m′,M ′] =
(M −m)2
4(m+M)
.
Therefore, the inequality (4.1) follows from (4.9).
In general, if f(t) = tp, p ≥ 1, we can show that
β0[f
−1;m′,M ′] = gp
({
p
M −m
Mp −mp
} p
1−p
)
,
where
gp(t) = t
1/p − M −m
Mp −mp t−
mMp −Mmp
Mp −mp .
We will use the notation
(4.10) βp = 2β0[t
1/p;mp,Mp].
Remark 4.1. Tracing the proof of Theorem 4.1, one can see that if f−1 is a power function,
then (4.6) implies
f−1 (Φ (f (A))) ≤ f−1(α)Φ (A) and f−1 (Φ (f (B))) ≤ f−1(α)Φ (B) .
This implies
(4.11) f−1(Φ(f(A)) + f−1(Φ(f(B)) ≤ f−1(α)f−1(Φ(f(A+B)).
In particular, letting f(t) = tp, 1 ≤ p ≤ 2 in Remark 4.1, we obtain the following special
cases.
Corollary 4.1. Let A,B ∈ B (H) be two self-adjoint operators satisfying m ≤ A,B ≤ M for
some scalars 0 < m < M and let Φ be a unital positive linear mapping on B (H). If 1 ≤ p ≤ 2,
then
(4.12) Φ (Ap)
1
p + Φ(Bp)
1
p ≤ K
1
p
p Φ ((A+B)
p)
1
p ,
and
(4.13) Φ (Ap)
1
p + Φ(Bp)
1
p ≤ βp + Φ((A +B)p)
1
p ,
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where Kp = K(p,m,M) is defined as in (3.4) and βp is as in (4.10). In particular, when p = 2,
(4.14) Φ
(
A2
) 1
2 + Φ
(
B2
) 1
2 ≤ M +m
2
√
Mm
Φ
(
(A +B)2
) 1
2 ,
and
(4.15) Φ
(
A2
) 1
2 + Φ
(
B2
) 1
2 ≤ (M −m)
2
2 (M +m)
+ Φ
(
(A +B)2
) 1
2 .
We conclude this section by presenting the following Minkowski-type inequalities, as an
application of Corollary 4.1.
Corollary 4.2. Let A1, . . . , Ak and B1, . . . , Bk be Hermitian matrices satisfying m ≤ Ai, Bi ≤
M for i = 1, . . . , k and some scalars 0 < m < M , and let Φ1, . . . ,Φn : Mn → Mm be positive
linear mappings with
∑k
i=1Φi (I) = I. Then
(4.16)
(
k∑
i=1
Φi
(
A2i
)) 12
+
(
k∑
i=1
Φi
(
B2i
)) 12 ≤ M +m
2
√
Mm
(
k∑
i=1
Φi
(
(Ai +Bi)
2)) 12 ,
and
(4.17)
(
k∑
i=1
Φi
(
A2i
)) 12
+
(
k∑
i=1
Φi
(
B2i
)) 12 ≤ (M −m)2
2 (M +m)
+
(
k∑
i=1
Φi
(
(Ai +Bi)
2)) 12 .
Proof. If A1, . . . , Ak ∈ Mn are positive matrices, then A = A1 ⊕ · · · ⊕ Ak is a positive matrix
in Mk (Mn). Let the unital positive linear mapping Φ : Mk (Mn) → Mm be defined by
Φ (A) =
∑k
i=1Φi (Ai). Utilizing Corollary 4.1, we obtain the desired inequalities (4.16) and
(4.17). 
In particular, we have the following.
Corollary 4.3. Let A1, . . . , Ak and B1, . . . , Bk be Hermitian matrices satisfying m ≤ Ai, Bi ≤
M for i = 1, . . . , k and some scalars 0 < m < M , and let w1, . . . , wk be positive scalars satisfying∑k
i=1wi = 1. Then
(4.18)
(
k∑
i=1
wiA
2
i
) 1
2
+
(
k∑
i=1
wiB
2
i
) 1
2
≤ M +m
2
√
Mm
(
k∑
i=1
wi(Ai +Bi)
2
) 1
2
and
(4.19)
(
k∑
i=1
wiA
2
i
) 1
2
+
(
k∑
i=1
wiB
2
i
) 1
2
≤ (M −m)
2
2 (M +m)
+
(
k∑
i=1
wi(Ai +Bi)
2
) 1
2
.
Proof. By applying inequalities (4.16) and (4.17) for positive linear mappings Φi : Mn → Mn
determined by Φi : T 7→ wiT , i = 1, . . . , k, we get (4.18) and (4.19). 
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5. A counterexample
In studying equivalence of inequalities (1.3) and (1.5), we first tried to prove the following
inequality:
Φ
(
A−1
)2 ≤ (M +m)2
4Mm
Φ (A)−
1
2 Φ
(
A−1
)
Φ (A)−
1
2 .
As noticed by Yamazaki [20], this inequality is not true. To show this, let A =
(
x 0
0 1
)
, and
define
Φ (A) ≡ 1
2
U∗AU +
1
2
V ∗AV,
where U and V are 2 × 2 unitary matrices. Then Φ is a unital positive linear map. We set
unitary matrices
U =
(
cosα − sinα
sinα cosα
)
, V =
(
cos β − sin β
sin β cos β
)
with α, β ∈ R. Then for x > 0, we have only to check
T (x, α, β) ≡ (1 + x)
2
4x
Φ (A)−
1
2 Φ
(
A−1
)
Φ (A)−
1
2 − Φ (A−1)2 ≥ 0.
With a help of Matlab, we get
T
(
2,
π
3
,
π
4
)
=
(
0.0624675 −0.0252995
−0.0252995 −0.115758
)
and its eigenvalues are −0.11928, 0.0659892.
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